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ABSTRACT

Three different notes are presented here which are related to certain
new and simple concepts of non-cocperative n-person games. These are na-
tural generalizations of the notions of maximin and minimax strategies and
the saddle points of two-person games. The concept of the equilibrium
point appears as a special case of one of these.

The first note expresses some intuitive considerations for games on
Euclidean spaces. Their characterizations are essentially given by Kakutani's
fixed point theorem. Ag & particular case, we examine such points for the
mixed extensions of finite n=person games.

The second and third notes are concerned with two different mathematical
extengions of the results obtained in the first note. They are based respsc-
tively on Fan's and Nikaido-Iscoda's ideas of proving the existence of eguilie
brium polnts for games on real linear topological. spaces. In particular, the
concepts introduced in the first note are examined for mixed evﬁensions of
continuous games. These last two notes involve the use of'mofe advanced

mathematicel technigques than does the first.
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"STMPLE" STABILITY OF GENERAL n-PERSON GAMES

Ezio Marchi
I. Let I’ = [Zl,..., Zn; Al,...,An} be an n-perscn game in normal form
and N = {1,...,n} the set of players where For player 1eN , Zi is the

strategy set, assumed to be non-emply, compact and convex in a Euclidean space,

and A, a real function on ZN = X %, is the payoff. A function e: N-FP_ ,
* ieN - h
vhere PN denotes the set of all subsets of N , is said 10 be & simple

or all ieN +the set e(i) is included in

me ' if

I

the set N - {i}). We define r, = (I,e) as the game I' with simple structure

function e , and to simplify, Ié ig said to be a game. For the player d1ell

belonging to the game I_ , the sets e{i) and f(i) = N-(e(i)u {i}) are

the antagonistic and the indifferent coalitions regpectively. The strategy

Uez can be represented i = g
2. n be represented for iel as o (ci, e(i)’g (_)) wheze cieZi , and

(i

0.€% = X X, where R is e(i) or £(i) .
R R JER

Given the strategy UeZN ; Tor ieN let

P(Uf(i)) = [Zi"ze(i}‘; Ai‘cci’ce(i)’ Uf(i))]

be a zero-sum two person game whose maximin value is

‘fi("f(i)) = sz‘fz‘ Smin . JD‘:'L(Si’se(i)"’f(i))'
‘ i~ e(i)e(i)

It Ié is a game with a simple structure function e , then a strategy

EsZN of the game Pe is called an e-maximin simple stable point, conclsely

gm-simple steble if:



min A (U ;S ’ \93.,1."\) L=V, (an,'/-,.\‘
i7 el )’ i) i L1
e(l) e(i) :

R

A s‘trategy GeZN is g -simple stable of the game & ' if -and iny if it is a‘i}ﬂﬂm

equilibrium point of the game I'* = '.{2:1','. .'-.,Z‘. 3 'Fl"' .,F ] where the pe.yoff 1“

is defined by:

Fi(G) = . min ( A (_"Se(l}’ f( er 1!-:H “and Gei'n
o)) e

Intuitively speaking, the cgalition_' e(i) the gaxe

I‘e is the set of players that can enter into an slliance nen coc@e,raw:el; . Thus

the behavior of the members of the coalition can be.vieWéd as. directed wovwards

hurting player -ieN Iin an non-_coo_pera‘tive manner. The coalit:l.cm f{u a.re bhe_ PP

AL

indifferent players. An | & -simple sﬁahle pmnt is a rule af beha.viev‘ whi oh. on the

- e

one hand assures at least the amount vl( ( )) to. each pla.yer L:&ﬁr.éndentlif"‘c"'f' W

LR
L ..\-iu.

havior of the antagonistic coalition and on t-he ‘oth hana sn_c;g chat

vl(af( }) is the ma;ximum.safety value

in each lnstance all the players of his :Lndlfferent coalltlon abide oy 11'" Tne ou g

There are two interestir';gh _partiéuiar cases of em-sim;ple EIanls pu;n‘hs*

g m umay

characterize extreme structures of games: (i) if each- indiffe:'-:r- :::E.l;.-.ion "s,__
empty; and {i1) if =ach antagonistic coalition is void. In the last case such & —‘..

point is an e_quilibrixim point.




THEOREM: If for each i¢eN the game Pe satisfies the following conditions:

Ei is compact and convex set in an Ruclidean space; Ai is continwous in
ceZN and
= i g
Fi(ci’df(i)) min c A, (o,, Se(i)’gf(i))
8 7. \€ .
e(i) e(i)
1s concave with respect to cieZi for fixed Gf(i)ezf(i} ; ‘then PE has

at least one gﬁ-simple stable point.

PROOF:  Given GEZN and 1eN , we define the set

i™ i

The function Fi on the compact set Zi for fixed Uf(i)ezf(i) , is continuous,

since the function Ai is continuous on ZN and therefore Ri(c) is non-empty.

1 2 1

If ™, T € Ri(U) , let ANTT 4+ (1-A) ° e in Z_ where Mel0,1] . By concavity

N
of the function Fi for fixed cf(i}ezf(i) we obbain

1 2
T =A)T
Fi(h i F (1-A) i cf(i)) > max Fi(si’of(i)) s
5. €2,
i77L
consequently the set Ri(c)(: ZN is convex. Let ¥ : ZNQEN be a multivalued
function defined by ¥(g) = N Ri(a) and let o(k)» o , T(k)»T Tbe two con~
ieN .
vergent sequences in ZN , which are such that Tor each positive integer
k : T(k)e¥(o(k)) . By definition we have for all positive integers k and

ieN : 7(k) (-:Ri(c(k:)) , i.e.,



- b

(5 ) ) o)) = B (ee )

and by continuity of the fumction Ai :
- . . , KR

F.{s,, X)) - F, .,
o, 1155 fm( DT %2 (1)’

Then TeRi(U) for all . iell ; so we have obtalned'i-_
function ¥ is upper semi-—com:inuous.' We can nOwW: apply the f-.xe',-'of_rﬁt. uhau'r'em of -

Kakutanl, since the assumptlon of this theorem .'.‘LS sa‘blsf:l.ed f » she Suaction @ 2.

and since the set ZN is non-empty, compact and convex :Ln'a Faslildssn spacea. It
follows that there exisgts a fixed point GeZN o’e‘lfi‘(c ) G wh:.'"- is &an _‘._z_m-s;mple R
stable point of the game I - Q.E.D. ‘ _

If Pe is a game with the simple structure '_';ffuilction e , then = strategy

the game I‘e if:

' 5 =y ipm e e
ax Uags = : Yoroell el , .
S5 oty T ) T TGy e i
1 .
: - , | IR
- where _ [ - ) T :‘ _
A Catn | o eeen aa oo
v {%p(y)) = min o ey Aylsys8g ()0 gy Torerl el ol
(1)"e(x) "7 ' T

is the minimax value of the game I‘(cff (i))
Intuitively speaking, an _gm-simple stable point is a =i u oi bersrior weicsh - .':'.‘.‘.'Z

on the one hand assures to each antagonistic coslition that its corresponding. p..ayer s

-.n

} ...-t




cannot safely obtain more than vi(Ef(i}) , independent of his own behavior and
on the other hand such that the value 1s the maximum va%ue that the antagonistic
coalition will be able to safely prevent agalnst Its corresponding player's behavior
if' in each instance all the players of his indifferent coalition abide by it. The
outcome for the player ieN with respect to the strategy EG;N 5 Em-simple stable

point in the game Fé 5 s

A0 1% ) S v Fry)

If every antagonist coalition is empty in the game Ié , then each strategy

oer, 1s an_gm—simple stable pecint. Another extreme case appears when every indif-

ferent coalition is empty.

came I’ satisfies the following conditions:
game 1 satisiies the lollowing conditions:

THEOREM: If for each dieN +the
Zi is compact and convex set in an Euclidean spece; Ai is continuous in
Ue$N H
G.(0 ,.\,0.,.\) = max A (s,,0 , .,0_ . .)
itve(1) f(1) it i’ e(d) £(1)
g.€d,
171
is convex with respect to o ,. .€X ,. for fixed o_,, .eXl .
P e (i) % (1) £(1)5%F (1)

Then if for GegN there is a TeZN such that:

Gi(Te(i)’Gf(i)) = vi(cf(i)) for each ielN ,

Ié has at least one E?—simple stable point.

PROCKF': Given UG;N and ieN , we define the following non-empty set

(1)) = min G5 (5 (1)% (1)) 1 -

8;(0) = {Tex; ; G, ( R
e(1)"e(1)

L
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the players of the indifferent coalition of any piayer abide by the first cne, the

gecond one is minimax for his antagonistic coalition in the resulting game.

e game

[
Tl

Zi is compact and convex in an Luclidean space; Ai is continucus in

de;N 3 Fi(gi?cf(i)) is concave with respect to Gie;N for fixed Gf(i)eZ (i);

and Gi(ae(i)’cf(i)) is convex with respect to Ge(i)eze(i} for fixed

G, . \€%.,.\ + Then if for each oceZX_  there is a TeZ, such that for all ielN
£(i)7f£(1i) N "
i
T, ,0 = a d T o = g
Fi (l, f(l)) v (f( )) a1 G ( ( ): f(ll)) v ( f(:l.)) 2

then the game Pe has at least one Em—simple and Em-simple stable point.

PROOF: Let ¥ : ;N a;N be a multivalued function defined by (o) = N [Si(a) Réc}]
ielN

where Si(d) and Ri(d) have been defined previously. For each oeZ , the set
W(G) is non-emplty and convex. By the continuity of the function Ai s the function
¥ is upper-semicontinuous, then applying Kakutani's theorem, the existence of a

fixed point EE:N : e ¥(o) 1is guaranteed. Such a strategy is g?-simple and

gm-simple gtable point. @Q.E.D.

For any established behavior among the players, there is ancther one which
is such that, if all the players of the indifferent coalition of any player abide
by the first ong,the.secoﬁd one is minimax for his antegonistic coalition and maxi-
min for himself in the resulting game. Such is a possible interpretation to the
last condition in the above theorem. The outcome of player iell with respect to

- m
the strategy Ge;N e -gimple and Em-simple gtable in the game Pe is



g E 3 i . 3 ] :
Ai( 1% (1)’ f(i)} wnich satisfies

Vi(af(i)) S AN %ay o

Such a point we calil e- 51mple stable. An, e-simple point is & rule of béhégiﬁéﬁi:

which is meximin for each ylayer and minimax Tor hls antagonlst1c coaliticn in e =

-"‘-Idn

resulting game, if in each instance all the players OfwhlS~;ngillerEHt co&l_tidn“ et

_ebide by 1%,

— A -..-I.

An interesting particular case of théugﬂsiﬁﬁle Toirns apnears when,thﬁ
-given in the follovlpgg f#ﬁ

above relations hold as equalities. An immediaté“

-y

THEOREM: If for each 1eN the game Pé' satisfiesﬂtha 2elloding conﬂition;ﬁzﬁ
5, 1s compact and convex in an Euclideanrsyace,‘~Ai  iz gonsinaouz in

- . | fixed i U, ) €L oo
geX, , coneave with respect ‘Uiezi for  f1x§a “(Ue(i,"f\i;' €Zg (1) X %?Cilf

and convex with respect ©_ . \€Z_ .y Tor fixed . (6,,0.:..;, € L
Ce(i)Te(i) & ‘ i’

Then if for each OeZy there 1s a .TGEN_usuch that

Fi(Tin(i')) = v, {Gf(lj) .and .Gi{‘re{i;\}'igf{i})' L
simple ' '
then the game Pe has &a. e{stable p01nt GG;N

o Gy = A0 ae(;)’af(i}) 51' 4 f(l})¢k ?'I

et o el Sl
By — wv-n-.

PROCF: The first conditions assure for each lféNgfhe}cbﬁ&ﬁﬁi:r o The Punetionﬂwnf
(o.,0 i g.ex i 0., <€D S and th comvEXL =
Fi( iy f(i}) in 0,e%, for fixed £(13%% (1) an e com Exicy O

G.( (i)’ f(l)) in o© (i)EZ (1) for fixed Gf(,)ezf(.) . e

Therefore, by the above theorem the existence of an f-stutle

ig guaranteed, and the theorem is proved since for each iell and oCl;.

vy (Tpq)) = 'vi(sf(i)} . Q.E.D.




Such a point we call an n-person e-simple saddle point or rather a e-simple

saddle point of the game Ié + An e-simple saddle point is a rule of behavior which

for each player ieN 1is saddle point in the resulting game, if all the players of
the indifferent coalition abide bty it. In other words, it is optimal for each

player and each antagonistic coaiition, given the actions of the indifferent coali-
the mixed extension of a finite

let T' beltwo person game T with its stru
e

tions. As a ¢ cture

imple illustration, be
W =7 e !

function defined by: e(l) = {2) , e(2) = {1} . For this game the existence of
an e-simple saddle point is equivalent to the following condition: U1 n Vp and

N
UE vl are non-empty, where Ui is the set of maximin strategies for player 1

and V., 1is the set of minimax strategies for player j + i in the zero-sum two-

person geme . = (., Ej+i ; Ai} where 1,J = 1,2 .

TT
N

-

In th

e

We need the following:

IEMMA: The mixed extension 56 = {(Z

n;.El,...,En} of a finite

n-person geme T = {Zl’""’zhs Al,...,An] with simple structure function
e such that for each ieN and each ( x., X_,..} e X, xX_,.. the function
= i’ Tf(1) i (i)

(X, _ ‘ : ) . . . R .
El( 52 Xe(l)’ Xf(l)) is linear in Xe(i)exe(i) ; for each 1eN satisfies the

~

following: Ei is continuous in the variable x € XN = X Z_.I ;
- ielN -
i ~
v, (x.,.\) = v {x.,..) for each x e X = X b
A i £ i i ’
(1) (1) IO O VR

i . - ..
where Vi(Xf(i)) and v (xf(i)) arc the respectives maximin and minimax

values of the zero-sum two-person game

Pleegy) = &g Xe (1)} Ei(Xi’Xe(i)’xf(i))} .



- 10 -

PROOF: For ieN , the function.‘Ei is continuous wllh resyect L) *xt

Lrmn e sslesieed

5y which is carvecy

(- oo

funsticn et

- mx B (o, X s Xp(q) € X_ ., CJor fifed -
o ex, Tt e(i) 'f(l)..m.mJ; oA e (L) R
;l 4 ; o S m e o Co -
? Vi(xf(i)) = v (xf(i)) . Q.E.D.

We note that. the strong condition of linearity,"ﬁutﬁt eXreriation

and minimax v ( ) values is not guaranxeed.

l._n.

~p
Ly
_This fact is 1llustrated An the: follow1ng exa*p NEcH

Given the finite zero-sum;two—person_game -

where the strakegies sets are

with. 2 = {1,2) and the payoff defined by
; 1 if @§, =0, = 0,
: ( g ). = L 2 >
13' ‘2} 5 {
0 otherwise,

A"
L b il

then by simple arguments of symmetry, one can easil, nuweln he lollowing equaliti!d




- 11 -

max min B (x,y) = %
X € IxX y €&

. . 1

min max E(x,y) = s
ye& xe&xs

Applying the theorems together with the lemmas, we cobtain the following result.

THEOREM: The mixed extension '?e of the finite game Pé such that for

. -b +
each ieN and each (xi xf(i)) € Xi X Xe(i) he function Ei(xe(i)’xf(

)

i)

is linear in Xe(i) € Xe(i) 3 has the following properties:
a) There is at least one _e_-fnsimple stable point X e XN such that:

Ei(ii’ie(i)’if(i)) > vi(if(i)) = vl(if(i)) for all ieN .

b) If for each x ¢ XN there ig aa ¥y € XN such that for all ielN :

o B Vo) Fe) = Vb))
i i

then ‘fé has & least one e -simple stable point ieXN such that

Ei(ii, &e(i)’if(i))'ﬁ vi(if(i)) = vl(xf(i)) for all ieN .

¢} If for =x e XN there is a ye XN .such that for ieN :

o), 1 By 00 (1) T (1= 5 e a))
e\l ell
and
S BT (3 )%)) S T
L1

then Pé has at least one n-person e-simple stable saddle point.
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An snalogous result to that expresse& in: gart T uhe e.bava- 'EIIM

‘be easily obtained by a-different. technique-- S}.nce__-,g.‘ u is Lnterestingj;v-‘m

such an slternabive technigue.

THEOREM: The mixed. exte.ns.idln', f‘e 'of‘f.

point  Zeky ;mhiph'satqggieés'

min_ B, (x 32

e(:L) e(:.)

e{ayi’—'ﬁ G

| S U S & vl

_the maximin and minimax values of ithe zei{*é’ésﬁiﬁfﬁ EWO=TCIBoN ERIE

-~

I‘C(xf(i)) = {X Ze(l)’ B (Xi,Z

1y
Xasw: 1)

e{i)?"2(i

- with x( ) (1)

- PROOF: ~For 1eN , consider the continuous funcﬁion;;c, dcPined by

' ( e(l)
_in the varisble {x, ,xf{l}),e-x. %X ( y - C is con;:.-::; in

- © the gEme
Ee(y )EXf 1) " By the theorem of Nekeido Isoda ( } s .b gEme

I*% = [Xl,...,'Xn, C C. } has. an equll:.brlwn po_n-.

l’...’

ma By (s zg() Re)) = Tyl
"o (1)%e (1) | |

.,; for each gane r (xﬂ

With this result and the fact that | v (x f(l)) =V (%

{
-
s} ini theorem, the exis.tnrs T Tnat :)oa.n‘h is” '":-'T.'--
where Xf(i)e Xf(i) ¥y the mlnlmag ; © tnat .f‘.._‘

guaranteed. G.E.D. : ~- vy .n:g
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The point in the previous theorem can be intuitively interpreted as an
Em-simple stable point of a partially-cooperative game in the folliowing sense. Each
player is guaranteed his least position (?i(if(i))) , even though the behavior of
his antagonistic coalition could be concentrated on hurting him, in a cooperative
way; if in each instance all the players of his indifferent coalition abide by it.

. . .
1 an intuitive viewpoint it could be surp

|2

gm-simple stable point and conversely. This fact can be easily obtained directly
from the corresponding definitions.

We remark that the'last conditions in the second and third theorems, such as
the corresponding in the subsequent results, express the same results.of: the theorems

when all the sets f(i) are empty and therefore they have not any value.

{O): TMNilka
\ /l ¥

LG

d

w

)

H., and K. Isoda: XNo

ido, noncooperative convex games. Pacific
J. Math. 5, 807-815 (1955).
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SIMPLE STABIE POINIS IN TCPOLOGICAL

1. By application of a geometric theorem concerning convex sets presented iﬁ [x],
Fan in [2] has established under general conditions the existence of an eguilibrium
point in n-person gemes on real separated linear topological spaces.

The principal result in the present paper is related to the existence of the
simple stable points, introduced in our recent note (4], of n-person games defined
on real separated topological vector spaces.

This result will be obtained by application of a method which is essentially
that due to Fan in [2]. This method uses a generalization of a theorem due to
Pan, concerning convex sets.

As an application of the principal result some results concerning continuous

n-person games will be derived.

2. TFor our purpose, we need a generalized form of Knaster-Kuratowski-Mazurkiewicz's

theorem for a real separated topological linear space Y given in [1].

LEMME 1 (Pan): Let X be a set in = real separated topological vector speace

Y . For each xe X , let S(x) be a closed subset of Y , such that:
(i) The convex hull of any finite subset f{x,,...,x ]} of X is a subset
1 m
m
of U 8(x,)
i=1 1 _
(ii) For at least one x € X the set S(x) is compact.

Then. N Sx)+ ¢ .
xeX

By application of this result we derive the following.

THEOREM 2: Let X Xn be compact, convex sets, each in a real separated

l)"'}

topological vector space. For egach ieN = {i,...,n}, let h{(i) be a subset



h(l) be the proje_ction'-"'c;f" x in S
of X = ML X, suchthet ..
e , St

1

(1) For each iel.. {l,...,n} and. each xeX t;.:-;: ayiirder '

8y (x) = [yex (y ?

.. .
.G oonve

{ii) For each ieN &nd xeX the c;rlih‘derlf
) (2&.) = {JcX. (X}l(i)',"( )) ql}

is open J.n Ko
(iii) .For each xeX there is a yeX such that:

h(i)

{yh(i ¥ ) E.Si | for all .1“@1_.;'
: Ti ) P N .o - . :...-.. - >
Thel’l‘ n S N + ¢ . N o ersmo= o ) -T.. )
i=1 * ' ‘ oo

 PROOF: For each xeX , consider the compact set A(x) defined sz the-complemes

in . X of the intersection of the Sl.(x.)‘ :

a 7 Ay F E\l u-.i s RN
AlX) = ocd "l—ll S (x)). .
= _ =
e
By the last condition, the set . 1. A(x) is empty, _a.nd saersiore oy 't.he- l‘mn.i
xeX - I*'..-.::::;:
there exists a z = b aJ x(j) , where x(g)eX s Ocj >0 mré 'Z‘.O:JIF- l,'th-j.u_
3—1 . -..-==:'- - i' :'l.
does not belong to the set Ul A(x(3)) . Hence, for each Jj € {L,...,m} =nd eugh 3™
) (j: : . i ; . ‘ - ) -_.-..._
ieN: x(j) e 5, (z) : and consequently, ' : -
. - m ° - - .y
z = I a x(j) € Si(z) for each 16l ;-
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n
which implies that =z e N Si . G.E.D.
i=1

A particular case is immediately derived when h(i) = {i} for-each ieN .

i /‘i\
By simplicity we use Xy and x for X{i] and %t}

COROLLARY 3 (Fan): Let Xl""’Xn be noh-empty compact convex sets each in a real

separated topological vector space. Let Sl,...,Sn be.. n—stibsels of X . such that:
(i) For each ieN' and each =xzeX the eylinder
8, (%) = [yex: (yi,xi) e 8.}
is non-empty and convex.
(ii) For each ieN .and each =xeX +the cylinder

st (x)

n

) . ic L,
(yeX: (x;,y ) e 5.}
is open in X .

I
Then N8, 4 &,.
U 4

== ™

ieN and each xeX the set Si(x) is non~empty, we can
choose for each ieN a y(i) € Si(x) . Therefore for each xeX there is an yeX
such that (yi,xi) € Si. for each ieN , namely y = (yl(l),...,yﬂ(n)) . Consequently,
the requirements of the previous theorem are satisfied. Q.E.D.

A real function. £ defined on a topological space X 1is said to be lower-
- semicontinuous -(upper-semicontinuous) on X , if for each real number r , Tthe set
{xeX: £(x)>r} ({zxeX: f(x) <r}) is open.

A real function f defined on a convex set of a real vector space X & is said
to be quasi-concave (quasi-coqvex) on X , if for each real number r the set

{xeX: Fl{x) > vl ({xeX: F({x) < r1) 41s convex
{Xedl (x) r; oLz I{x) ri}) 15 conve:

- -~ [0+ =" 8 AY ]



CTHEQREM b:  Let X veX

| 1
real separated topological vector space,jand let vfl,;‘@,;

n

Function defined on, X , having the follcwi:ig l_pr'@éftiesj: s

Xh( o _the

£, (xh ),x )) is- 1ower-sem1conﬁ1nﬁ@ns ino xr

aetlion

z Il(i)l

{i) For each ieN and fixed xh( )

(1)

(ii) For'each 1eN and fixed x

£, (Xh(l)’ : 3~_)_ is qu351=concave,1n;_thi.
(11i) Given r = {rl,...' o) fbr'ea;ch xeX ther{-. i e yeX s
such that £, {5’11( ) h(l ) >3:‘,__ for ever;y leli o <R

Then .there -exists..an . XX such that: f (xh(l ), h(i'} >x, for a3l -hel:

PROOF : Consider for each ieN , the set

8 < {xeX: '?iﬁthi)’ xh(i)} >L:i} .

Then on one hand, the cylinders

Si(X) = {yeX: 'fi(yh(l)’x (l)) > I‘ . }

T oaYe convex. On the other hand, the cyli@ﬁers LT

VI , B3 NN
s (x) = {yeX..fi(Xh(i),‘y ‘ ).? ri}
are open in X . - Furthermore, for each xeX there is a yeﬁ gush thet
h{i) :
(yh(l)’ be ) € Si for each 1ieN .

Hence, theorem 2 applied to the sets,‘Si , guarantees the axisucnce ol th "
%eX such that: f'i(:'c)>ri for esch iel. Q.E.D.
. The condition on the last result of a real valued functior & um

restrictive. Indeed, the result is valid for functions with veluss .
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If, for every 3ieN , h(i) = (i} , the above result is the same as theorem 2

given in 1l

It is interesting to observe that in general,

g, = 1nf sup T, (Xh(l)’ yh(i)) >,

* h(1) *n (i)

for every ieN does not imply condition {111 ) of the last theorem. However,

condition (iii) is assured in the simple case where h(i) = {i} for each -ielN .

Therefore, one obtains the following statement (related also in [1]): if, for each

ieN , g. >, , then there exists an XeX such that f,(X,,X ) >r, for every ieN.
+ i i iv i i

3. Now, we consider as applicatons the following theorems concerned with simple

stable points of games.

THEOREM 5: Let Xl""’Xn be non-empty, compact, convex sets, each
real separated topological vector space. For each ielN = (1,...,n},

e(i) be a subset of N - {i} and f(i) =N - (e(i) U {i}) . Let

in a

let

A ,...,An be n continuous real functions defined on X , such that for

1

each ieN and fixed Xf(i) f( ) the function Fi defined by
F X, ,x = i .
1 0% () min By leg, o4 y%e(s)) s
W 4. EX L.
e(i)e(d)

is quasi-concave with respect to % € Xi

Then there exists an XX such that

F X, X. = .
(% %8 (3 )) N E;X Fl(w ’Xf(l)) for every ieN .

X A

Such a point is a em—simple stable point of the game T' = EXl,.. RELITE
— n

FROOF: For each ieN and each & > 0 , consider the set

[N ] ,An}.



- 15 -

'8 = .{XGX:‘Fi(Xi’Xf(i))’“>

Let h(i)= (i) . Since the functions F, and mexF, are contifvanssis

then the cylinder

i
SS(

is open in X . DBecause the 'fu.&n‘ction‘ F1

is convex. Then by é,pplication. of corollary- 5,-'We_rhave_‘ ‘
015,57 9 | goTevery Bz 05 -

and therefore there exists a point XeX such that

n .
‘xen 8 . : - for evezn B >0 .
s 8,1 U _
A= -
Such a point satisfies
'Fi(xi’_xf(i")) = lma.x F ( i’ f(:l.))' for evcrn  ied . H-L‘..P..
miexi o

"We note that this proof "isessentially‘th'at-'giw}én;_: i~ [2) wnlch proves E}fe
existence of an.equilibrium point.. The reagon of this screesticn 35 thet 8L~
gm-simple stable point.of the game LT {Xl, . '."'.’Xn’. Al, v reladed -y the-

above theorem, is an equidibrium point.of the game I¥ = {Xl,..;-,Xii;g‘l,...éi_‘:;i]:,;

and conversely. ' ST I
THEOREM 6: Let . Xl"""Xn e non-empty, compact, convex sefbs‘each iz = T ':“
real separated topological vector space. For each ieN = {1,...,R]; ":

let e(i) be & subset of N - {i} eand f(i)})=1N - (e(i) U {i}) .
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l""’An be n continuous real functions defined on X , such that

i i ti . defi b
for each iell and fixed Xf(i)e Xf(i) the function G1 efined by

Let A

Gy (kg gy %p 3y = oo Ay lox 5y %agy) o
i1
is guasi-convex in xe(i) € Xe(i) + If for each =xeX , there is a yeX such
that
B (i) e(d) -

thgn there exists a xeX such that

-

X - i X .No
Gi(xe(i)’xf(i)) min Gi(wE(i)’Kf(i)) for every ie
W, X . .

e{i) Te(i)
Such & point is an Em-simple stable point of the game

LAY .

P = [Xl,---,Xn,' Al,-- n

PROCF: The last condition implies the following onef for each & > 0 and each
x¢X +there is a yeX such that
Gi(ye(i)’xf(i)) < min Gi(&%(i)’xf(i)} + B for each . ieW .
W . EX .
e(i) e(d)

- e Sy PR I T
Il ©Salll 020 COLRLUSL UlC BT

= : G < i
Sa, {xeX (Xe(i)’xf(i)) min Gi(w%(i)’xf(i)) + B)
w o, eX .,
e(i)Te(d
Let h(i) = e(i) . Then the cylinder
8. .{x) = {yeX: G, (vy_,.y%.0.y) < min G, (@ . y,Xay) + 8)
U,d Ao BiL T LG4 i Si\1 /7 I\i,
W . EX
e (i) e (1)
is convex, since the function G, is guasi-convex in x ,, .eX , , . DBecause the
1 e(i) e(d)
functions Gi and . min G, are continuous, the cylinder

Pe(1)%e (1)
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i ) S e
Sa {X) - {YEX- Gi {xe (i)’yf (i )} < ' mlﬁ"‘ , ui_ {we( v "‘. [
e(l) ie(l)
is open in. X . Finally, by the last C{}Ild.l‘blon, e ‘na.ve t} £T, Ior ¢
and each  x€X , there is a yex such that (ye(l), f(l) Ui

Then, by application of “bheorem 2. to the sets S& .y WE zay.:

Il ' .

. % g for év%#sf' 820
1=l _
and therefore, there exists a point X'z

% € ﬂ 5. . .for every 5.> 0 .

Such a point satisfies:
@ ;. +&X . _
: e{i) Te{i)

THEOREM 7: Let Xp,...,X, De non-empty, compact, convex seis, eaeh in B

real separated topological vector space. For each ieill = ({l,.vvyn}. , - J,_e1

e<“‘) be @ subset of N - (i) and £(1) =N -:(eu: U i} . Let %‘a‘:.-"-. =

. 't' _ . ':il o :__;._::-—_c_‘-:_‘ - R . :-:: .
and fixed Xa 24 }e-: Xf{ )? the function . Fi_ is quasi oroave {n xiq"i:__

and the function G. is quasi—convex in X (3.‘;)!-:_-}{_‘(_i o

If, for each =xeX s there is a yeX such that . ayory 1€M -+ .
F (y 5% - max F. (ﬂ) X ) SR
(l Wy eX : (1) -
and
& We(iy¥eq) = ™o G @1 %e(s))
s, vEX . [rarem
e (1) e(d) o

then, there exists an XeX such that, for every iel
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A (x.,% .. .’) = Fi(xi’xf(i))

- G:L(Xe(i)”-‘f(i))

for every 1eN .
Such a point in an e-simple saddle point of the game

I' = {X..',---;X,, s A e, A,J .
1 n AL I

PROQF: Suppose that the function Fi is not gquagi-concave in the variable xiexi

i . A
for fixed xr(i)e Xf(i) Then, for a real number and £(1) eXf(i) the set

= : A
Fh (xi € Xi Fi(xi’xf(i)) >N ]

is not convex, that is, there exist ii’ ;i'Ein such. that for some p ¢ [0,1]:
X —u) X < A
F, (0 X+ (1-v) %y, xf(i)) <
On the other hand at such points, one has:

(}-{ i)

Axo.m o ,Low.x . )Y > A and A (%X, o,
1 %37%% (1) % (1) it

A (X, 0, X . ) >
17 Ye (1) (1)

for all me(i)e Xe(i) + In particular at the point wé(i)e Xe(i) for which

Folb &y + (1ow) Xy, %(54) = Ay (b X, * (1-1) ;Ci’d_.)e(i)’xf(i)) = M

we have.

A (%X, ®

D R ,X.)>7\-.
1717 el

;) X . ) > h &l'ld A-.(;(.!{I) FATIIAY o ! \
1747 7e(1)” f£(i)’

o AN
(i)

This 1s impossible, since the function Ai is Quasi-concave in xieXi for fixed

(xe(i)’ xf(i)) € Xe(i) x Xf(i) . Then .Fi is quasi-concave in x,eX, for fixed

xfci)e Xf(i) . Similarly, one can easily prove that the function Gi ig quasi=
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By the last theorem, there exists a point  xeX such that
B, (%,E, ) = wmex F (o Ea )
i C L f(l) : Cl)_eX. ‘:L "f(l) ‘ L X L
i ‘ el oyes - )
and ' T “I
Gia{xe(i)’xf(i)) = mneX | G (cn (1)’ :E‘(:l.)) for svery 1eN [T : -
Pe (1) e(1) "
':'.;:?.z_'
On the other hand, for each ieN and each 'Xf(i}exf(i} ; congider the aero-am
: "
two person game 1 2 . LX
I(x f(l)) IX':;_; Y, ; Bi.(le y2) ) - m:..g"-
vhere -
e - %
¥y € Yi' = X, ¥pely Xe(i) .
- - _ 3
Bi(yl) ye) Ai{xi} % (1)5 1)} o .

fiow, for Je{1,2} , let e{(J
and ke {1,2) . Then we have

By application of theorem 5

je{1,2} , since the continuous function Bi

. ~ ~ o
convex in ¥, € Y? , the existence bf.a point (yl, ye)‘ € Y;.I: x Y

max min Bi (yl,ye)
S

min = max B_i (3?1,3?2) >
Yo 91 o

is guaranteed.

Thus, we have obtained the result that, for each 1eN an_ﬁ'

2(3)

) be the set defined by e(j) = % , wacre Kk 4 Jo

to the game T _(xf(i)) with the sets e(}) :i‘or_ “r_‘ﬁ
is guasi-concave 1n [.& Y} and qua.si-r,..

- TR

such thet L:l:'

i3

mex min AL, s vs Xoray) min
. 127 e (1) TE(L)
03Ky P (1)f Fe (1) | % (1)%Fe(1) "1
Then, the point xeX obvicusly satisfies:
Ai(ii”_‘e(i)’if{i)) = max T, o, ;‘f(i}) -
o eX
= i X for each isﬂ“. Q. eD
min Gi{we(i)’xf(i)) 5

© (1% (1)
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' We note that the particular case of theorem 5 applied to the game Fi(xf(i))

in the sbove proof is a corollary of Sion's minimax theorem found in [1].

L, In this section some applicaticns of the above results to certain kinds of
continuous games are considered.

Let & be a separated compact space. Then the conjugate space C¥*(X) of the
- Banach space C(X) of all real continuous functions on £ 1is a locall& convex,
separated real topological linear space, with respect to the weak topology induced
by C(X) . The set X of regular Borel measures on X with total measure one:is
compact and convex in C¥(Z) with respsct to the w¥ - topology.

By using these facgts, we obtain from theorem 5 the following result.

CORQOLLARY 9: Let I' = {Zl,...,zn; A A} be a game, where, Tor each IeN ,

l,..-, »

Ei is a‘separated and compact space, Ai ig a real continucus function. Then the

mixed extension o .
r = {x :"'JX:E;"':E}:
\ 1 n’ "1 n
wThara FfAar aonh 4 =N e +he oot AF vamilar Raral meodiivraac twi+h maa ciire Ane gnAd
Wil ke WL L =L W EPA=TA | J’ £Li - wh ATk (1 AN J.\-O&W.‘u& e Wl Nl LA LU Wl e D WL Vi LUASCA R AL s WAL R CAhllll

1

the expectation function is defined by

Ei(xl,...,xn) = Jf Ai d(xlx...x xn)

zlx...xzn

has an em-simple gtable point.

PROOF: Consider for each 1ieN , the multilinear, real function Ei defined on

Xlx...x.Xn » which is continuous. Therefore the function ‘Fi defined by

CFLlxL,xL,, = i X,
1 (%5 f(l)) min By (5500 (1% (1))
' [( IR \eX TP .
e(i) e(i)
.ls concave in x.eX, , for each fixed x_,,
i71 (i)

theorem 5 to the mixed extension game I’ , the existence of an gm-stable point i1s

e Xf(i) . By direct application of

~

guaranteed. Q.E.D.
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In an analogous. way, from the theorem 6 » we have:

LM e il ool

COROLLARY 10; et I' = (Z,..e,5 5 A,

Ei . 18 a separated and compact space, and Ai is a real continuous Tunction. L_e-t;"--,_

.. ,Aﬁ} be a game, where Por each: -

-

' = {Xl" . ,Xn; El’ cee ’En] be 1ts mixed extension, such that for uech :I.eI‘I...- and.'.

Fixed . (Xi’xf(i))'_e Xi X Xf (1) the- expter:'tatlon‘ f_l‘mgtlonuEi is line&r in the .‘.'J}' <.

R X H

variabie Xe(i)e Xe(i) .

If for each x € X there is & y € X . such that for every ieN

......

max B, (0., ¥ .y Xopey) = min o mex B (@0 . s Xnggyd e -
wex, ~ 7t e(i) f(l), us_ g, vEX . wex, T e(1yrr(i) _ -
i e(l)e(i) 1T B
Then,  the mixed extension . I' has an. gm-s_table point. | T
. : .

Finally, from corollary 8 we immediately obtain: = e

EELY Y

COROLLARY 11: Let T = {Z,c-esB 3 Aj,eeish,] be & geme, where for each 1R s

I, 1sa separated and compact space snd A, a real continuous function; and let —~

1—\ = {Xl’ L ;an El’ . n.- ,Eh]

the expectation function Ei is linear in the variable X, (1 )e Xe(i)

If for each xeX. there is a yeX such that, for eve'r.:'f. deN:

max B, (wi’,ye(i)’xf(i)) = min max Ei-(mi’me_(i)’xf(i')) : .
W, eX, LW . €X Ly w.eK, S K
i7i CTe(i) Te(d) TiTi . g
. - o, ' ‘ \ _...-«1
min Ei‘(,yi’we (i)’xf(i)} = mex win | Ei(mi’me(i}’fi‘(i)" s
W g \EX w.eX, W . \E& L S e . pn
e(i) e (1) . 150, e (1) e(d) e e
then the mixed extension T has an e-simple saddle point. | | ' '1;:
We note that if Tor each dieN , the set e{i) = ﬁf , ‘then corollary 9, wailch

determines the existence of equilibrium point, coincides with the result givem by =
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by Glicksberg [%), which has used a general method of fixed points for multivalued
functions on locally convex, compact linear topological spaces.

Frowm theorem 5 one can easily derive the following result:

CORQLLARY, 12: Let I = {21’°"’Zh’ Al,...,An} be a game, where for each ieN ,
zi is a separated and compact space, Ai a real continuous function.
For each 1ieN , let Ze(i) be the get of regular Borel measures on

= X L.  with measure one. Then the extension

.
e(l)  jee(1)

X H H ]

P* = {Xl’-i n l)...,n

where the payoff function Hi of ieN is cefined by

B ey X)) = Ay aley 2z gy ® %p(qy) s
B X 2 (1% (1)

has & point X € X such that for all ieN:

min B (X520 05%g) = max min By (052, 03 10%p (1))
%o (1)%e (1) DB 2g(5)%e (1)
= min max H.(mi,z (1)’Xf(1))

Further related topics are given in [5].
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ANOTHEER NOTE ON SIMPLE STABLE POINTS

IN TOPOLOGICAL LINEAR SPACES-

Bzio Marchi

1. In our recent paper [2], we established some results concerning the simple
stable points of games defined on separated, couvex, compact, real topological .
linear spaces. We derived these results by using & generalization of a result
given by Fan in [1], which is concerned with the intersection of sets with convex
sections.

The objeet of this note is to prove some existence t
points of games given on convex, compact, real topological linear spaces, by using
the same idea used by Nikaido-Isoda [3] in order to prove the existence of an
egquilibrium point.

There is certain similarity between the results expressed in this paper and

the respective results obtained by the mentioned technique. However, neither the

results obtained here include the other, nor are included in themn.

2. - For our purpose, we need the basic result introduced in [3], the application of

which will give the principal results.

THEOREM 1 (Nikaidow-Isoda): Let ¢ be a real function defined on £ x %,

where X 1s non-empty, convex and compact in a real topological linear space,
such that the following two conditions are fulfilled:

(1) For each oeZ , the functions ¢(0,T) and ¢(T,7) are continuous
in tex .
(ii) For each 7eX , the function ¢ (0,7T) is concave in veX .

Then there exists a point 7e€Z such that

(P(:E:T) = max {R‘(S:%)
seX



PROOF:  Assume that theres is not a point having the property

Then, for each TeZ , there is a 0Oci such that

O(T,7) < 9(o,7) . %
B =
. | : it
et o, = (Tem () < 9(%,7)] -
be a set in . Z . :
By the contimuity of ©(0,7) and .9(TyT) in TeX for cach GeX, =
there ixists a finite mumber of Cy,...,% ¢ Z - such. that,
0 ' ' o
ue =35 .
o, )

i=1 1

. Qonsider the functions

0,(7) = max [9 (6,7) - @(n,7), 01 . for d=liw i

Therefore by definition

p(t) = = p,{xr) > 0 ' - for 8l TeZ .
i=1 7 | Y
" Let
‘ n ﬁi(f)
2!;(1') = iE‘l —-(-—Y—p 7 01 >

which definesa functign

gsince X .1s counvex.

The convex hull of T see

an Fuclidean space. Then, the application of Brower's fixed point to the funczion ]

"Gn in . Z 1s homeomorphic to aasiﬁyifx in

guarantees the existence of a fixed point T

~ n pi(%) S i.f
T = F —— g, . ' -
j=1 PTF) * Loy




From the last condition we obtain

~

o(t,7) > o(1,7)

which is impossible. Q.E.D.

3. Let

be a n-person game where, for each ieN = ({1,...,n} the set Zi is non-empty,
compect, and convex in a real topological linear space and the payoff function.,Ai
ig defined on ¥ = X X, with values in the real numbers.

ieN '

Let
e(i) ¢ M- {1} and £(i) = N - (e(i) U {i) )

be the set of players for each 1ielN , and consider ;R = X X, with R : e(i)
JeR
or f(%).
A point OeZ is said to be a g,-cimple stable point of the game I' if,

for all ieN ,

min A (0,8 . \,0.,. ) = max min A (s ,8_ 1. 1,0.0.1)
Se(i)eze(i) i e(i) £(i) 5,€5, Se(i)eze(i) 1 (855801 )2% 4

Such & point can be easily characterized by the funcition

® (6,7) = I F_(0,,7T.,.+) »
1 ey 1d f(ll

where, for each i1elW , the function Fi is defined by

® (g .o A - et A (o g o \ .
.Li\ i, f(l)} Min ni\ 1,06(1): uf(l);

S 1.\€Z .

e(i) e(i)
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LEMMA 2: A point §e I isa e -simple stable poiat of the FamesSTY

e

L LI AT

and only if ‘ : : : S - -
&. (6,6’) = max & (S,a‘) . . . -
1 ser T -~
| P
- o - .

- PROOF:  Let Oex be a g -slmple stable point of the game I'. Then, for each eaefiTy
Fl{o‘i,o‘f(i)) = mazx Fi(si,af(i)) 2

: S, €L, . ; -

i i . .
and thersfore, e

@l(a,aj = max @1(5,3)
sed

Now, examine the sufficiency. Let ‘0 ¢ Z be such a.pointJmﬁiﬁh}fﬁifills,__

for each T e Z , - o .., .? it

Suppose that there is a .7 ¢ & and a non-empty subset I C N -suck-thet ' )

for each 1el , ' -,
3,5 7,0 0) s
Fi( i’ f(i)) < Fi( i’ f(l)) _ S
{ S ST
Consider the strategy T ¢ £ defined by R ey
o Pt
v, if iel : o o
- l - .- "‘I .
v { 5 » : R
. O, if  1ieN-I S T T
i , -
then the following satisfied: Lo
L , L ] B L
@l(c,c) < .@1(1,0) o
which is absurd. Q.E.D. : .

A point O e Z is said to be a Eﬁ-simple stable point of the'game"ﬁa?fi

for all  ieN ,



max A, (s. 170 s ) min
8,€2 (l) f(l) YRR - )
e{i)e(1)
Introducing for each d1e& the function Gi
g . = Iog
“ %)%y = o M)

max A (s ,8

e(1) (1) -

then 1% is possible to characterize an gm—simple stable point by the function

d a1y = 3 o (o
we\v’p, e L ]

as 18 illustrated in the following:

LEMMA 3: If for each o0eX +there is a TeX

o Isl A - o [
A\ (& 4 L u.

Se(1)%%e (1)

then a point Oer is a.g?—simple stable point of the game

©.(0,6) = mex ©,(s,0)

2( SeL 2(

o T )]
i Ye(i) 'f£(i)’”

2

such that for each

(i)’ £(1)

2

iell :

I' if and only if

-PROOF: Let Ee;N be an Em—simple stable point of the game I'. Then, for each

[-Gi(se(i)’af(i))] -

iel - -
.'Gi(ue(i)’af(i)) I
- e{i) "e(i)
Therefore
Z [-G.(0 ,.\,0.,..)] = Z max
jey 1 ey (i) ieN

which implies the validity of the below equality

QE(E,B) = max @2(5,5) .
seZ

Se ()% (1)

(-G (3¢ (1705
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Now, consider a point Gex which satisfied

UL
' P

@2(5,5) = max @2(5;3) s ._ ,
‘ gel . s e

and suppose that there is & non=-empty su.b'set . I(C N such that, for each 1€l ,

_Giiﬁe(i)",af(i)) < Smaix L '[_,Gi(se(i)’af(.::i‘.)')]."- .
e{i) Te(l) K . '

By hypothesis, given the point Bex , ‘there exists a poinﬁ Rex su_cfhr_

for each ieN ,

Gy Gy Beny) = o Fleeqyfe)l s -
e (l ) e (i ) ‘ ';-f.:f‘.’“;_-ﬁi" -
and therefore, we obtain < ‘-*.;'?
_‘®2(8,6‘) < @2(5:,&) .=

-
which contradicts the hypothesls. Q.E.D. __'

result: ' - ' T . \-‘

) _‘if""

COROLIARY 4: If for each ©el there is a 7el such that, for all _"t-'
F,{1,.0 ) = mex F, (s . } s

e(1) T % (1)

1774 R A

and ok
(511159 1)) = 6, (5, (5 1% (1)) Rl

G Te(1y%r@) T 1% (1) s (1)’ 2 5

g & .

e(i)"e(l) i

3

then, a point 0OeX is an & and e -s:n.mple stable point of the game T if anc. only if +
--;'-

¢ (5,7 = mex ;Dl(s,fr') . )
BEX ‘




end 2,(3,5) = max 0,(s,3)
sel
4. In this section, we will obtain some genersl theorems which are concermed with

the existence of simple stable points of n-person games.

These theorems will be obtained as a direct application of the above results.

THEOREM 5: Let I' = {Zl,...,zn; Al,...,An] be s game, where for each ieN ,
the set Zi is convex, compact in a real topological linear space, such that

the following conditions are fulfilled:

i 1N . i g
(i) For each ieN . and each df(i)ezf(i) , the function ?i( i’af(i))

is concave in 0,eZ,
L -+

. {ii) For each ieN and each ciezi , the function Fi(::ri,of (i)) is
i i Z .
continuous in cf(i)e e (1)

(iii) .The function

z Fa (04’04'(4 \)
ieN - oL oyl g

is conbtinucus in 0OeX .

Then, there exists an gm-simple stable point of the game T .

PROGF:' Consider the function-

P

100,7) = 2 T (0,

ielN

(1)’

defined on the set Z x L . For each T € I , the function ®1(U,T) is

concave in O€% . On the other hand, the function @1(0,0) is continucus

in oeZ ; and for each 0eZ, the function @l(G,T) is continuous in Tex .
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Then, by direct .application of Theorem: 1 to the fuactlon @l

of & point Tel such that

) @1(5',5') - = max @l(s,a)
: SEL :

, is.guaranteea.

By Lemma 2, such a point is an gm-simple gtable point of the game.

THEQREM 6: ILet T' = {zl,... Al,..., A } be & g&me, wher;

el , the set zl

such that the follewmng conditions are fulfilied:

s comvex, compact in & real tcpelagacal linﬁar apace,

(1) For each i1eN and fixed Op. ) Zg(y)» the function

]

c 2 . : - _‘Ltk-
. ' o i
is convex in 'qe{i) eze(i)~. :
: . - . .i'.-.
(i1) .For each 1eN and each Ue(i)eze(i) the function  G {G‘(ij’c’(i)) Ja
Jis cont%nuous in cf( ) f(13 ‘i- ;%
. . A - gl.:"'ji
PR ]
{iii) . The function et
o
E G‘ o L
iell | ( e(i)’ f(l)) &
is .conbinuocus in 0gZ . :f
SN
(iv) .For each o0eX there is a TeX such that for each _iGN': 'if
- = . F
Gy (Te(s) % (p)) = o (-G, (5 (3)2%p(2)?)
S s.\EX 4. . "
e(1) Te(i) , o

Then, there exists an g?-simple stable point of the game T

»-
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PROOF ; Consider the function

QE(U}T) = z ['G‘ (0 )]

oy A e(i)’ £ (1)

.defined a5 Z x £ . On one hand, for each veX , the function ? (o,7) is concave

2
in oeZ ; and, on the other hand, the function GE(U,G) is continuous in el .

Furthermore, for each o¢eX , the function ®2(U,T) is continous in 7TeX .

point Oe¢f such that

_@2(6,5) = max ¢ (s g) .
By Lemms 3, such a point is a gm-simple stable point of the game I' . Q.E.D.

THEOREM 7: Iet I'= {Z Z; A ,...,An} be a game where for each

17707 Tt
ieN the set Zi is convex, compact in a real topological linear space,

such that the following conditions are fulfilled:

(i)  For each ieN  and each ¢

f(i)ezf(i) » the function. Fi(ci’cf(i))

is concave in diezi , and the function Gi(ce(i)’cf(i)) is
‘ g .
convex in 4e(i)e ze(i)

(ii)  For each ieN and every ciezi and 0 eze(i) the functions

ntinuous in O, €% ...
1) 78 (1)

(iii)  The functions

=F (o.,0 ' g
i( i i)) and 1? G (

e(1)%(1)

are continuous in ogeZX .

i
1



»

en £
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(iv) For each o0e¥ there is a  TeX such that for each

Pt =
and
CaCeyfrwy) o ey -
e(1) % (1)

Then, there exists an &n ~and gyusimple'stable point of ile zame P. - -

- PROCF: Again, congider the function

o(0,T) = @l(o;T) + @2(6,7)

‘defined as I x L . The function &{0,0) is continuous in geL - ‘since the fun
tions @l(a,q)‘ and @E{U,G} .are continupous in oceX . Moreover, sincé the
functions @l(ﬁ,f) . and @2(0,1} are continuous in TeX for each 06X , then.the

function %(0,7) is continuous in veX - for each oeL . :Finally, fcnﬂe&ch 1€l {1f

. I.lil... :
the function #{c,%) is concave in 0gl , since it is a sum of concave *unctionsa-'

Then, Theorem 1 applied to the function ®(o,7) guarantees”the:existense‘Of

a point 0 € & such that

2 (5,6) + 2,(5,0) = max [2(s,0) +0,(s,6)] . - =
SeX : ‘ - _ —
o - ' ¥k
By the last condition, there is a TeZ such that i
Ql(?,ﬁ) + ie(?,ﬁ) =  max [® (s,0) + @2(5,3)]_ . o _ ot
sex ’
Oun the other hand, for each TeZ : - | fﬂ

o (t,0) < © (7,0) 2 mex P (s, )
1 = 1 Sl seE, if()

and | | N | !
%(7,9) < 9 (1,0) = iiN 8 méxez . [_Gi(se(i)’qf(i))] d‘ -?
o(1)%e (1) T
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which implies that

7,0) = max 9 (s,0) + max ©o_(s,0) ,

9. (o,0) + @
1 gel . geL z

A

end therefore

@l(E,E) =  mwex @l(s,E)
seZ
cand o -
@2(0,0) = max @2(5,0)

BEZL
Then, by corollary 4, such a point is a S and_gm-simple stable point of
the game I' . Q.BE.D.
The above results are the principal of this paper. We note that Theorem 5
essentially coincides with the theorem of Nikeildo-Isoda in [3], since a §m~simple
[zl,...,zn; Al,...,An} is an equilibrium pbint of

,En} and conversely.

stable point of a game I =

the game T = (Zl, Z 5 l’

An  immediate consequence of the last theorem is the following:

COROLIARY 8: Let I' = [zl,..., T A,

conditions of the last thecorem. If for each o0eX and each 1ielN ,

«,A.} be a game that satisfies all the
n

F() .)'—' i G‘{ .;U.)_,
5. ng 51278 (1) SeTz?eZe(i) i Se(l) £(i)

then there exists an Em.andﬁgm-Simple,stable”point=3éz”lsuch that for.each ieN

8,(8:,0, (50p(4)) = e Fy(sys f(l))
1 i
= min Gi(s (1)’ 1)}

% (1) (1)
Such a point is called an e-simple saddle point of the game T .
Indeed, there are games for which the additional conditicn in this last
corollary can be in some sense weakened. In fact, this is possible by using Sion's

minimax theorem [1] for games defined on separated, real topological linear spaces.
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